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This is a summary of the main points we’ve dis-
cussed in class about the infinite sequences. We’ll
use them soon in our study of series.

Definition 1. An infinite sequence of real numbers
is simply a function N — oo, written

a1,02,03,...,0p, ...

or {a,}> .

When we have a particular sequence under con-
sideration, we’ll either write it out as a list, such
as 1,1, 5,7, . .., or specify a general term as a for-
mula, here it would be a,, = 1/n?.

Definition 2 (Monotonicity). A sequence {a,}2,
is said to be increasing or strictly increasing if for
each n, a, < a,y1. It’s nondecreasing or weakly
increasing if for each n, a, < a,11. Decreasing se-
quences are defined analogously. A sequence that
satisfies any of these conditions is said to be mono-
tone.

Definition 3 (Boundedness). A sequence is
bounded if it is bounded as a set. More precisely
{a,}o2 is bounded below by B if B < a,, for all n,
and it’s bounded above by U if a,, < U for all n. If
it’s bounded both below and above, it’s said to be
bounded.

Definition 4 (Convergence and limits of se-
quences). A sequence is said to converge to the
limit L, if for each € > 0, there is some N such
that beyond the N*® term, every term is within e
of L. When the sequence is {a,}n>,, we'll write

lim a, = L, or more briefly a,, — L. Symbolically,
convergence says

Ve > 0,dN,Vn > N, |a, — L| < e.
A sequence that doesn’t converge is said to diverge.

Note that limits of sequences are called discrete
limits since the subscript n only takes integers as
values, and the integers are separated from each
other, that is, they’re discrete.

Theorem 5. A sequence can have at most one
limit.

Theorem 6. A nondecreasing sequence bounded
above converges to its least upper bound. A non-
increasing sequnce bounded below converges to its
greatest lower bound.

Theorem 7. If two sequences have limits, a,, — A
and b, — B, then their sum a, +b, — A+ B,
their difference a,, — b, — A— B, and their product
anb, — AB. Also, their quotient a,/b, — A/B
provided B # 0.

Theorem 8. If lim f(x) = L, and a,, =

Ir—00

f(n), then
a, — L, also

Theorem 9. If a, — L, and if f is a continuous
function, then f(a,) — f(L).

Theorem 10 (Pinching theorem). If a, < b, < ¢,
for all n, and both a, — L and ¢, — L, then
b, — L, also.
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