Math 120 Calculus I

First Test Answers
September 2016

Scale. 95-101 A+. 89-94 A. 85-88 A-. 81-84 B+. 77-80
B. 73-76 B-. 67-72 C+. 61-66 C. 54-60 C-. 48-53 D+.
40-47 D. Median 75.

Extra credit. There will be an extra credit “challenge
test” you can take on line available all day Saturday and
Sunday, Oct 8-9, for 48 hours.

You’ll find the challenge test will cover as the chapter 2
post test on MyMathLab. If you got less than 65 on the test
you're required to take this challenge test, if above 65 it’s
optional. It includes topics from section 2.6 as well as the
rest of that chapter. You’ll be able to do each question on
it only once. You may use a calculator if you need it, but
no book, notes, or internet. Do the test entirely by yourself.
Do not get help from anyone or talk to anyone about the
test until Monday after the test ends.

Whatever questions you do correctly on the challenge test
will increase your grade for the first test. You can get up to
half the difference between your test grade and 100. So, for
example, if you got 70 on this test, a C+, you could increase
your grade by 15 to 85, an A-, by getting all 24 problems
correct on the challenge test, but if only 12 correct, then
your grade would increase by 7.5 to 77.5, a B.

1. [12] On the intuitive concept of limit and continuity.

Sketch the graph y = f(x) of a single function that has
the following properties:

(1). f is continuous everywhere except at © = 3,4, 5,
(2). the left and right limits, lim f(x) and lim f(x),
r—3~ x—3+1
both exist, but are not equal,
(3). * =4 is in the domain of f, and linf}l f(z) does exist
T—
but does not equal f(4), and
(4). the limit lin}r) f(z) doesn’t exist for some reason other
z—

than the left and right limits aren’t equal (for example, ei-
ther the left or right limit or both don’t exist).

There should be a jump discontinuity in the curve above
x=3.

The curve above & = 4 should have a point missing and
repositioned directly above or below.

For the limit not to exist for x = 5 but not be a jump dis-
continuity like at © = 4, you could either draw an oscillating
discontinuity or let the limit be +oc0.

Note that the graph of the function should extend to the
left of x = 3 and to the right of x = 5 as well as between
those two values.

2. [12] On limits of average rates of change. Let f(x) =
1/x.

a. [8] Write down an expression that gives the average
rate of change of this function over the interval [a,b], and
simplify the expression.

[0~ f@ _ 1/b-1/a
b—a b—a
_ (a—b)/(ba)
b—a
-1
" ba

b. [4] Compute the limit as b — a of your answer in part
a.
T
ba ba a2

3. [24; 8 points each part] Evaluate the following limits. If
a limit diverges to oo it is enough to say that it doesn’t
exist. (Use the properties of limits weve discussed so far in
class. Later on this semester well discuss L’Hoépital’s rule,
but dont use that to determine these limits.)

. 22 -2 -6

s RO P
This is an algebraic function of the form 0/0, so you need
to use algebra to simplify the expression before taking the

limit.

. 22—x-6 . (x=3)(z+2)
lim ——— = lim ————=
=3 12 —2x — 3 e—=3 (x—3)(z+1)
. r+2 5
= lim = -
z—=3 x4+ 1 4
b. lim tanz +e* +5
z—=0 222 —x+1
These functions are all continuous, so the limit is
tan0+e’+5
% (which simplifies to 5).
. tanx
c. lim .
x—0 x
. sinx ..
Recall that hr% = 1. Therefore the limit under ques-
T—r €T
tion
. tanz . sin x 1
lim = lim = =1
z—0 T z—0 zcosx  cos0

4. [15] On the formal definition of limit.
Consider the limit lin})} (5 — ) which, of course, has the
z—

value 2. Since it has the value 2, that means that for each
€ > 0, there exists some § > 0, such that for all z, if 0 <
|z — 3| < 4§, then |(5 —z) — 2| < e.

Let e = 1. Find a value of § that works for this e. (Show
your work.)



Simplify the goal |(5—z) —2| < 3. First [3—z| < 3. Note
that |3 — 2| = |« — 3|. Thus, in order to reach this goal, it’s
enough that § = % (There are other algebraic steps that
will lead to the same conclusion.)

Alternatively, you could sketch the graph to determine a

value for 6.

5. [10] Suppose that 6 is an angle between 0 and 7, and
that cosf = —%. Determine the value of sin 6.

There are several ways to determine sinf. Here’s one.
By the Pythagorean identity, sin? €@ + cos?# = 1, therefore
sin? § + (-3)2=1,s0 sin? f = 3. Then sin # must be either
V/3/4 = /3 or its negation. Since 0 < § < m, its sine is
positive. So sinf = %\/3

Alternatively, you could draw a unit circle and a right
triangle in it.

a
6. [10] Write the expression In <€b> without using either
e
e or In.

Using properties of exponentiation and logs,
e’ a b
In p =In(e*) —In(e’) = a — 0.

7. [18; 6 points each part] Suppose that lim f(z) = 4 and
xT—T

lim g(z) = 5. Evaluate each of the following limits, or ex-

Tr—rT

plain why it doesn’t exist
a. lim (f(x) + 3)g(z).
T—T

Using properties of limits, such as the limit of the product
is equal to the product of the limit, this limit is equal to

(f(m) + 3)g(m) = 35.
: 9(x)
b. lim ——————
bt 4(cosx) + f(x)

Note that cos x approaches cos m which equals —1. There-
fore the denominator approaches 0. Since the numerator
approaches 5, therefore the limit of the quotient does not
exist.

c. lim (2/® — 5z)

Tr—T

The limit is 2* — 57, that is, 16 — 5.



